Abstract. We present results for the QED and strong isospin breaking corrections to the hadronic vacuum polarization using N f = 2 + 1 Domain Wall fermions. QED is included in an electro-quenched setup using two different methods, a stochastic and a perturbative approach. Results and statistical errors from both methods are directly compared with each other.
Introduction
One of the most promising quantities for the search of signatures of physics beyond the Standard Model at low energies is the anomalous magnetic moment of the muon a µ . A comparison of the experimental result with the Standard Model estimate [1] yields a deviation of ≈ 3σ, which might be a hint of new physics. However, a further investigation requires a reduction of the errors on the experimental and theoretical determinations of a µ . On the theory side, the largest uncertainty arises from the hadronic vacuum polarization (HVP) contribution to a µ . The current most precise determination relies on experimental input from the cross section of e + e − →hadrons [2, 3] . In the last years a lot of effort has been undertaken to calculate the HVP contribution to a µ using lattice QCD (see e.g. [4] [5] [6] [7] [8] ). To be competitive with the result e + e − →hadrons a lattice calculation would require an accuracy of 1%. However, these lattice calculations are usually done in the isospin symmetric limit, i.e. treating the up and down quark as being equal. In nature there are two sources of isospin breaking. The bare masses of the up and the down quark are not equal and quarks have electric charges and thus underly QED interactions. The latter effect not only applies to up and down, but to all quark flavors. These effects are expected to be O((m d − m u )/Λ QCD ), O(α) ∼ O(1%) and thus, need to be included in a lattice calculation aiming at a precision of 1%.
The structure of the proceedings is as follows: In section 2 we describe how isospin breaking and QED corrections can be included in lattice calculations and we show results for the HVP in section 3. The results shown in this proceedings are already published in [9, 10] . Another independent calculation of QED corrections to the HVP for strange and charm quarks has recently be presented in [11] .
Isospin Breaking Corrections on the lattice
The expectation value of an observable O can be calculated in terms of the Euclidean path integral. The path integral including QED is given by
with quark fields Ψ, Ψ, gluon fields U and photon fields A. The fermionic action S F [Ψ, Ψ, A, U] now also includes couplings of quarks to photons. The non-compact photon action is given by
Two methods are commonly used to include QED in the calculation of the path integral (1) . A stochastic method [12] using U(1) gauge configurations for the photon fields and a perturbative method [13] , where the path integral (1) is expanded in the electromagnetic coupling α. The stochastic and perturbative method are explained in detail in subsections 2.1 and 2.2, respectively.
Stochastic Method
For the stochastic method, it is convenient to use Feynman gauge, due to the simple structure of the photon action. In momentum space, the photon action in Feynman gauge is given by
wherek = 2 sin k µ /2 , N is the number of lattice sites andÃ µ are the photon fields in momentum space. In this study, we work in QED L [14] , i.e. we subtract all spatial zero modes of the photon fields A µ (k 0 , k = 0) = 0. To obtain stochastic photon fields, which are distributed according to exp(−S γ,Feyn. ), one draws Gaussian random numbers with variance 2N/k 2 for the componentsÃ µ (k) of the photon fields in momentum space. After these photon fields have been generated in momentum space, we transform them to position space using a fast Fourier transform.
In this study, we work in the electro-quenched approximation, i.e. we neglect QED effects for the see quarks. This allows to generate photon fields independent of the SU(3) gluon fields. Once the photon fields are generated, they are multiplied to the gluon fields as
Calculations of observables then proceed as without QED but using the QCD+QED link variables (4). We average calculations using +e and −e to exactly remove O(e) noise [15] .
Perturbative Method
QED can be treated in a perturbative way by expanding the path integral (1) in the electromagnetic coupling [13] 
where the subscript 0 indicates, that the expectation value · 0 is calculated in pure QCD. At O(α) one finds contributions from either two insertions of conserved vector currents V c µ or one insertion of the tadpole operator
In the Feynman gauge and QED L the photon propagator is given by
For the QED correction to meson masses, this gives rise to three different quark-connected diagrams, which are shown in figure 1 . Here, we work in the electro-quenched setup, i.e. we do not consider any diagrams, where the photon couples to see quarks. One has to note, that additional diagrams occur, if the operator O in the path integral itself depends on the electromagnetic coupling, as we will see below for the hadronic vacuum polarization.
We calculate the correlation functions required for the diagrams shown in figure 1 in two different ways:
• single-µ insertion: We start by rewriting the photon propagator by inserting stochastic sources η
This allows to calculate the correlation functions using sequential propagators with insertions of either the conserved vector current Γ c µ and∆ µν (x) or η † (y). This needs to be done for each combination of the Lorentz indices µ, ν individually and in total requires 17 inversions per quark flavor and source position using Feynman gauge (where only diagonal terms µ = ν contribute).
• summed-µ insertion: Here, we use four different stochastic sources ξ µ one for each Lorentz index
and calculate sequential propagators with insertions of
. This requires in total 5 inversions to construct the diagrams given in figure 1.
More details can be found in [10] .
Strong Isospin Breaking
We account for strong isospin breaking corrections in two different ways, by either using different bare quark masses for the valence up-and down quarks, such that we approximately reproduce the physical quark mass difference from [16] or by an expansion of the path integral in the quark masses as proposed in [17] 
wherem is the isospin symmetric quark mass and m f the mass of either the up or the down quark. The derivative in (10) is given by
with a scalar current S =
Isospin Breaking Corrections to the Hadronic Vacuum Polarization

Definitions
We calculate the hadronic vacuum polarization (HVP) tensor from a vector two-point function using a local current at the source and a conserved current at the sink
with a zero mode subtraction [18] . We then obtain the HVP form factor Π(Q 2 ) from the spatial components of the HVP tensor
The QED correction to the local-conserved vector correlation function C µν (x) receives two contributions. One from the QED correction to the two-point function itself δ V c µ (x)V ν (0) and one from the QED correction to the multiplicative renormalisation Z V for the local vector current used in out setup to calculate the HVP
When calculating the QED correction to the vector two-point function δ V c µ (x)V ν (0) in the perturbative method, one needs to take into account, that the conserved current depends on the link variables, and thus, when including QED, it depends on the electromagnetic coupling. This gives rise to two additional diagrams from the expansion of the conserved vector current at the sink. These diagrams are shown in figure 2.
Setup of the Calculation
For this study, we use N f = 2+1 dynamical flavors of Domain Wall fermions on a 24 3 ×64 lattice [19] with inverse lattice spacing of 1.78 GeV. We use different values for the valence up-and down-quark mass, where we keep the up-quark mass at the mass of the sea quarks am u = 0.005 and increase the down-quark mass to am d = 0.005915 such that we approximately reproduce the physical mass difference from [16] . For the valence strange-quark mass we use am s = 0.03224 [20] , which corresponds to the physical strange quark mass without QED. The strange sea-quark mass is am s = 0.04. The isospin symmetric pion mass on this ensemble is m π ≈ 340 MeV. We use 87 gauge configurations and 16 source positions for the quark propagators. For the stochastic method we use one U(1) gauge configuration per S U(3) gauge configuration. For the perturbative method we use one stochastic source η for the single-µ insertion and one set of sources ξ µ with µ = 1, 2, 3, 4 for the summed-µ insertion per gauge configuration and source position.
Results -QED corrections to the vector two-point function
In figure 3 the QED correction to the HVP from the QED correction to the vector two-point function is plotted against Q 2 . Red squares and blue circles show results from the perturbative and the stochastic method respectively. To extrapolate to Q 2 = 0, we use a Padé ansatz, where we allow each parameter in the Padé to receive a QED correction
From this, we find the following fit ansatz for the O(α) contribution
The results from this fits are shown in figure 3 by the solid red curve (perturbative data) and the dashed blue curve (stochastic data). The QED correction to a µ obtained from the results of these fits, can be found in table 1.
In figure 4 the ratio of the statistical errors on the QED correction to the HVP from the perturbative over the stochastic method is shown. For both data sets, we have scaled the errors with √ #inversions to obtain an equal cost comparison. We show results for the single-µ (closed symbols) and summed-µ (open symbols) insertion each for up (purple squares) and strange (blue triangles) quarks. We find this ratio of errors to be about 1.5 − 2, indicating, the we find the statistical error from the stochastic method to be a factor 1.5 − 2 smaller than the statistical error from the perturbative method at the same numerical cost. 
Results -QED corrections to Z V
An additional QED correction to the HVP arises from the QED correction δZ V to the multiplicative renormalisation of the local vector current. Z V can be determined from the ratio of the local-conserved C lc and the local-local C ll two-point function
Thus, the QED correction to Z V can be obtained from a combination of correlation functions given in the brackets in equation (17) . This is shown in figure 5 for the up quark (left) and the strange quark (right). Red square points and blue circle points denote results from the perturbative and the stochastic method, respectively. We have fitted a constant to the plateau region of the data to determine δZ V . The results for the QED correction to the HVP contribution to a µ from δZ V can be found in table 1. 
Results -strong isospin breaking corrections
The difference of the HVP form factor calculated with the mass of the down or the up-quark is shown in figure 6 . Purple squares show results from the path integral expansion (10) and green circles results from using different valence quark masses for the up and the down quark. We have fitted a Padé with a similar ansatz as for the QED corrections to the data. The results of the fits is indicated by the curves shown in figure 6 . We find δ s a µ /a u µ ≈ −0.9%, where δ s a µ is the difference in a µ once calculated with the down-quark mass and once with the up-quark mass. In general, a lighter quark mass results in a larger value for a µ and a heavier quark mass in a smaller value. 
Summary
Our results for the QED corrections to the HVP contribution to a µ are given in table 1 alongside results a 0 µ without QED. We give values for the two different contributions (from the correction to the vector-vector two-point function and from Z V ) separately. We find the QED correction to be < 1% for the up quarks and ≈ 0.1% for strange quarks. Note, that these results are obtained at unphysical quark masses. We have not corrected our results for the QED corrections to the HVP by finite volume effects. We are currently studying these effects using lattice scalar QED [21] . We find the strong isospin correction to be −0.9% of the isospin symmetric result. This result depends on our arbitrary choice to keep the up-quark mass fixed and increase the mass of the down quark. Only a determination at the physical point including a tuning of the up-and down-quark masses to their physical values will allow to make reliable predictions for the actual magnitude and sign of the strong isospin breaking corrections.
